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Level −1/2 realization of quantum N-toroidal algebras in type Cn
Naihuan Jing, Qianbao Wang, and Honglian Zhang⋆
ABSTRACT. We construct a level − 1
2
vertex representation of the quantum N-toroidal algebra for
type Cn, which is a natural generalization of the usual quantum toroidal algebra. The construction
also provides a vertex representation of the quantum toroidal algebra for type Cn as a by-product.
1. Introduction
Let g be a finite-dimensional complex simple Lie algebra, the N -toroidal Lie algebra gN,tor
associated to g is the universal central extension of the multi-loop Lie algebra g ⊗ C[t±1 , · · · , t
±
N ],
which generalizes both the affine Lie algebra and toroidal Lie algebra. The quantum group Uq(g)
was introduced by Drinfeld [6, 7] and Jimbo [19] independently as a q-deformation of the universal
enveloping algebra U(g) of the Lie algebra g. The quantum group Uq(gˆ) associated to the affine Lie
algebra gˆ is also called the quantum affine algebra, whose representation theory is very rich includ-
ing vertex representations and finite-dimensional representations and so on. For example, Chari and
Pressely classified the finite-dimensional representations (c.f. [2]-[5]) in terms of Drinfeld polyno-
mials and affine Hecke algebras. The vertex representation was first constructed by Frenkel and
Jing [8] for simply-laced types. Subsequently vertex representations for quantum twisted affine
algebras were obtained by Jing [20]. Bosonic realizations of the quantum affine algebras in other
types were constructed in [1], [24],[25],[21], [23], [26], [27] and [22] etc.
Quantum toroidal algebras Uq(gtor) were introduced in [14] through geometric realization re-
lated to Langlands reciprocity for algebraic surfaces. Subsequently, Varagnolo and Vasserot [34] ob-
tained the Schur-Weyl duality between the representation of the quantum toroidal algebra Uq(gtor)
and the elliptic Cherednik algebra in type A. Since there exists another two-parameter deformation
of the quantum toroidal algebra Uq(gtor) in type A, there are special interest in the representations
of Uq(gtor) see for example [11, 33, 12, 17, 18, 32, 9, 10, 16, 15], [28]-[31] and the references
therein. Unlike the quantum affine case, the quantum toroidal algebra Uq(gtor) is not a quantum
Kac-Moody algebra, but rather a quantum affnization. Thus these references were focused in type
A or the simply-laced cases. Nevertheless there are still lots of unknowns for the quantum toroidal
algebras in type A, and the knowledge on representation theory in other types is very limited. In
the present paper, we will construct a level-(−1/2) vertex representation of the quantum toroidal
algebra for the symplectic type. Actually, our motivation is the recent joint paper [13], in which
quantum N -toroidal algebras (denoted by Uq(gN,tor)) were studied as a natural generalization of
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quantum toroidal algebras Uq(gtor). In [13], the quantum N -toroidal algebras are shown to be quo-
tients of extended quantized GIM algebras ofN -fold affinization. In this paper, we will give a level
−12 vertex representation of the quantum N -toroidal algebra for type Cn, based on the method of
[22].
The paper is organized as follows. In section 2, we review the definition of the quantum N -
toroidal algebra for type Cn. We construct the Fock space and vertex operators in section 3. Then
the main result of constructing a level-−1/2 vertex representation of the quantum N -toroidal alge-
bra in type Cn is given. In the last section, we verify the quantum algebra relations to show that the
above construction is a realization in detail.
2. Quantum toroidal algebras Uq(gN,tor)
In this paper, we always assume that g is the finite dimensional simple Lie algebra of type Cn.
In this section, we review the definition of quantum N-toroidal algebra Uq(gN,tor) for the symplectic
type recently given in [13]. For this we recall the data of the simple Lie algebra, affine Lie algebra
and toroidal Lie algebra of type Cn.
Let I = {0, · · · , n} and I0 = {1, · · · , n}. We denote that A = (aij)(i, j ∈ I0) is the Cartan
matrix of g and h is the Cartan subalgebra. Let ε1, · · · , εn denote the usual orthonormal basis of
the Euclidean space Rn. The root system Φ for g is {±(εi ± εj),±2εi|i 6= j} and a base for Φ is
∆ = {αi|i = 1, · · · , n}, where αi = εi−εi+1 for i = 1, · · · , n−1, αn = 2εn. Denote the dominant
weights by λi = ε1+ · · ·+εi (i = 1, · · · , n) and the weight lattice P = Zε1+ · · ·+Zεn. Let gˆ be
the affine Kac-Moody Lie algebra of type Cn with the Cartan subalgebra hˆ associated to the simple
Lie algebra g. Let δ be the primitive imaginary root of gˆ. Let α0 = δ− (2α1 + · · ·+2αn−1+αn),
then the set of simple roots for gˆ is ∆ˆ = {α0, · · · , αn}. We fix the nondegenerate symmetric
bilinear form (·|·) on the dual space hˆ∗ such that (εs|εt) =
1
2δst for s, t ∈ I0, then
(αi|αj) = diaij, (δ|αi) = (δ, δ) = 0 for all i, j ∈ I
where (d0, d1, · · · , dn) = (1,
1
2 , · · · ,
1
2 , 1) and Aˆ = (aij)(i, j ∈ I) is the Cartan matrix of gˆ.
Suppose q is not a root of unity. Let qi = q
di and [k]i =
qki −q
−k
i
qi−q
−1
i
. Let J = {1, · · · , N−1}, k =
(k1, k2, · · · , kN−1) ∈ Z
N−1 , es = (0, · · · , 0, 1, 0, · · · , 0) the sth standard unit vector of (N − 1)-
dimension lattice ZN−1 and 0 the (N − 1)-dimensional zero vector. Now we turn to the definition
of the quantum N -toroidal algebra for type Cn denoted by Uq(gN,tor) introduced in [13].
DEFINITION 2.1. The quantum N -toroidal algebra Uq(gN,tor) is an associative algebra over F
generated by x±i (k), a
(s)
i (r), K
±
i and γ
± 1
2
s (i ∈ I0, s ∈ J, k ∈ Z
N−1, r ∈ Z\{0}), satisfying the
relations as follows:
γ
± 1
2
s are central such that γ
± 1
2
s γ
∓ 1
2
s = 1,K
±1
i K
∓1
i = 1,(2.1)
K±1i and a
(s)
j (r) commute each other,(2.2)
[ a
(s)
i (r), a
(s′)
j (l) ] = δs,s′δr+l,0
[r aij ]i
r
γrs − γ
−r
s
qj − q
−1
j
,(2.3)
Kix
±
j (k)K
−1
i = q
±aij
i x
±
j (k),(2.4)
[x±i (kes), x
±
i (les′) ] = 0, for s 6= s
′ and kl 6= 0,(2.5)
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[ a
(s)
i (r), x
±
j (k) ] = ±
[ raij ]i
r
γ
∓
|r|
2
s x
±
j (res+k),(2.6)
[x±i ((k + 1)es), x
±
j (les) ]q
±aij
i
+ [x±j ((l + 1)es), x
±
i (kes) ]q
±aij
i
= 0,(2.7)
[x+i (kes), x
−
j (les) ] = δij
(γ k−l2s φ(s)i ((k + l))− γ l−k2s ψ(s)i ((k + l))
qi − q
−1
i
)
,(2.8)
where φ
(s)
i (r) and ψ
(s)
i (−r) (r ≥ 0) such that φ
(s)
i (0) = Ki and ψ
(s)
i (0) = K
−1
i are defined by:
∞∑
r=0
φ
(s)
i (r)z
−r
s = Ki exp
(
(qi − q
−1
i )
∞∑
ℓ=1
a
(s)
i (ℓ)z
−ℓ
)
,
∞∑
r=0
ψ
(s)
i (−r)z
r
s = K
−1
i exp
(
−(qi − q
−1
i )
∞∑
ℓ=1
a
(s)
i (−ℓ)z
ℓ
)
,
Symk1,··· ,km
m=1−aij∑
l=0
(−1)l
[m
l
]
i
x±i (k1es) · · · x
±
i (kles)x
±
j (ℓes)(2.9)
x±i (kl+1es) · · · x
±
i (kmes) = 0, for i 6= j,
3∑
k=0
(−1)k
[3
k
]
i
x±i (esm1) · · · x
±
i (esmk)x
∓
i (es′ℓ)x
±
i (esmk+1) · · · x
±
i (esm3) = 0,(2.10)
for i ∈ I0 andm1m2m3ℓ 6= 0, s 6= s
′ ∈ J,
where the q-bracket is defined as [a, b]u
.
= ab− uba and Symm1,··· ,mn denotes the symmetrization
with respect to the indices (m1, · · · ,mn).
REMARK 2.2. In the case of N = 2, the quantum N-toroidal algebras are just the quan-
tum toroidal algebras [14]. Therefore the former are natural generalizations of the usual quantum
toroidal algebra, just like N -toroidal Lie algebras vs. the 2-toroidal Lie algebras.
REMARK 2.3. For a fixed s ∈ J , the subalgebra U
(s)
q of Uq(gN,tor) generated by the elements
x±i (kes), a
(s)
i (r),K
±1
i , γ
± 1
2
s for i ∈ I isomorphic to the quantum 2-toroidal algebra defined in
[14].
REMARK 2.4. For the formal variables z = (z1, · · · , zN−1), denote z
k =
N−1∏
s=1
zkss . We set the
generating functions of formal variables for i ∈ I0 and s ∈ J as follows,
δ(z) =
∑
k∈Z
zk, x±i (z) =
∑
k∈ZN−1
x±i (k)z
−k,
x±i,s(z) =
∑
k∈Z
x±i (kes)z
−k,
φ
(s)
i (z) =
∑
m∈Z+
φ
(s)
i (m)z
−m, ψ
(s)
i (z) =
∑
n∈Z+
ψ
(s)
i (−n)z
n.
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It is not difficult to see that relations from (2.5) to (2.10) are equivalent to the following rela-
tions, respectively,
lim
z→w
[x±i,s(z), x
±
i,s′(w)] = 0, for s 6= s
′,(2.11)
ψ
(s)
i (z)x
±
j (w)ψ
(s)
i (z)
−1 = gij
( z
ws
γ
∓ 1
2
s
)±1
x±j (w),(2.12)
φ
(s)
i (z)x
±
j (w)φ
(s)
i (z)
−1 = gij
(ws
z
γ
∓ 1
2
s
)∓1
x±j (w),
(z − q
±aij
i w)x
±
i,s(z)x
±
j,s(w) + (w − q
±aij
i z)x
±
j,s(w)x
±
i,s(z) = 0,(2.13)
[x+i,s(z), x
−
j,s(w) ] =
δij
(qi − q
−1
i )zw
(
φ
(s)
i (wγ
1
2
s )δ(
wγs
z
)− ψ
(s)
i (wγ
− 1
2
s )δ(
wγ−1s
z
)
)
,(2.14)
Symz1,···zn
n=1−aij∑
k=0
(−1)k
[n
k
]
i
x±i,s(z1) · · · x
±
i,s(zk)x
±
j,s(w)(2.15)
×x±i,s(zk+1) · · · x
±
i,s(zn) = 0, for i 6= j
lim
zi→w
3∑
k=0
(−1)k
[3
k
]
i
x±i,s(z1) · · · x
±
i,s(zk)x
∓
i,s′(w)x
±
i,s(zk+1) · · · x
±
i,s(z3) = 0,(2.16)
for i ∈ I and s 6= s′ ∈ J.
where gij(z) :=
∑
n∈Z+
cijnz
n is the Taylor series expansion of gij(z) =
zq
aij
i −1
z−q
aij
i
at z = 0 in C.
3. Vertex representations
In this section, we construct the Fock space and obtain a level-(−1/2) vertex representation of
quantum N -toroidal algebra Uq(gN,tor) for type Cn, based on the method in [24].
First of all, let us introduce the quantum Heisenberg algebra Uq(hN,tor), which is generated by
a
(s)
i (r), b
(s)
i (r) for i ∈ I, s ∈ J satisfying the following relations:
[a
(s)
i (r), a
(s′)
j (t)] = δss′δr+t,0
[raij ]i
r
q−r/2 − qr/2
qj − q
−1
j
,(3.1)
[b
(s)
i (r), b
(s′)
j (t)] = rδss′δijδr+t,0,(3.2)
[a
(s)
i (r), b
(s′)
j (t)] = 0.(3.3)
Let S(h−N,tor) be the symmetric algebra generated by a
(s)
i (−l), b
(s)
i (−l) with l being a positive
integer. Then S(h−N,tor) is a Uq(hN,tor)-module by letting a
(s)
i (−l), b
(s)
i (−l) act as multiplication
operators and a
(s)
i (l), b
(s)
i (l) operate as differentiation subject the Heisenberg algebra relations. Let
P˜ be the affine weight lattice P˜ = Zλ0 + · · · + Zλn, and set P˜
′ ≃ P˜ , an identical copy of P˜
corresponding to b′is. We define the Fock space
F = S(h−N,tor)⊗C[P˜ ]⊗C[P˜
′]⊗C[ZJ ],
where C[G] is the group algebra of the abelian group G.
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We equip the lattice ZJ with the nondegerate bilinear form ( | ) defined by
(3.4) (si|sj) =
{
−1 i 6= j
0 i = j
.
where we list the elements of J as {s1, s2, · · · , sN−1}.
The action of operators eai , ebi , esi , a
(s)
i (m), b
(s)
i (m), si(0) on F is defined by the following
relations,
eai .eα ⊗ eβ ⊗ es = eαi+α ⊗ eβ ⊗ es, ebi .eα ⊗ eβ ⊗ es = eα ⊗ eεi+β ⊗ es,
zai(0).(eα ⊗ eβ ⊗ es) = z(αi|α)(eα ⊗ eβ ⊗ es), zbi(0).(eα ⊗ eβ ⊗ es) = z(2εi|β)(eα ⊗ eβ ⊗ es),
qs
′
.(eα ⊗ eβ ⊗ es) = q(s
′|s)(eα ⊗ eβ ⊗ es)
where α ∈ P˜ , β ∈ P˜ ′, s, s′ ∈ ZJ . Here we have added ε0 such that (εi|εj) =
1
2δij for i, j ∈ I .
The normal order : : is defined as usual,
: a
(s)
i (r)a
(s)
j (t) :=
{
a
(s)
i (r)a
(s)
j (t), if r < t;
a
(s)
j (t)a
(s)
i (r), if r ≥ t,
: eajzai(0) :=: zai(0)eaj := eajzai(0),
and
: b
(s)
i (r)b
(s)
j (t) :=
{
b
(s)
i (r)b
(s)
j (t), if r < t;
b
(s)
j (t)b
(s)
i (r), if r ≥ t,
: ebjzbi(0) :=: zbi(0)ebj := ebjzbi(0).
: esqs
′(0) :=: qs
′(0)es := esqs
′(0).
PROPOSITION 3.1. We have the relations between the operators ai(0), bj(0), s, e
ai , ebj , qs
′
as
follows
[ai(0), e
aj ] = (αi|αj)e
aj , [bi(0), e
bj ] = 2(εi|εj)e
bj , [s(0), qs
′
] = (s|s′)qs
′
.
Now we define the following vertex operators for i ∈ I ,
X±i (z) = exp

±N−1∑
s=1
∞∑
ks=1
a
(s)
i (−ks)
[ks/di]i
q∓ks/2zkss

 exp

∓N−1∑
s=1
∞∑
ks=1
a
(s)
i (ks)
[ks/di]i
q∓ks/2z−kss


× e±αi
N−1∏
s=1
z±ai(0)+1s ,
Y ±i,s(z) = exp
(
±
∞∑
k=1
a
(s)
i (−k)
[−(1/2di)k]i
q±k/4zk
)
exp
(
∓
∞∑
k=1
a
(s)
i (k)
[−(1/2di)k]i
q±k/4z−k
)
× e±aiz∓2ai(0),
Z±i,s(z) = exp
(
±
∞∑
k=1
b
(s)
i (−k)
k
zk
)
exp
(
∓
∞∑
k=1
b
(s)
i (k)
k
z−k
)
e±biz±bi(0).
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For simplicity, we introduce the following notations for ǫ = ±1 or±, i = 1, · · · , n−1, j = 0, n
and s ∈ J ,
X+iǫ,s(z) = Z
+
i,s(q
ǫ/2z)Z−i+1,s(z)Y
+
i,s(z)e
sqǫs(0), X−iǫ,s(z) = Z
−
i,s(z)Z
+
i+1,s(q
ǫ/2z)Y −i,s(z)e
−sq−ǫs(0),
X+jǫ,s(z) =: Z
+
j,s(q
1+ǫ
2 z)Z+j,s(q
−1+ǫ
2 z)Y +j,s(z) : e
sq2ǫs(0), X+j0,s(z) =: Z
+
j,s(qz)Z
+
j,s(q
−1z)Y +j,s(z) : e
s.
Now we give the main result of the paper.
THEOREM 3.2. For i ∈ I and s ∈ J , the Fock space F is a Uq(gN,tor)-module for type Cn of
level −12 under the action ψ defined by :
γ±1s 7→ q
∓1/2,
Ki 7→ q
ai(0)
i ,
x±i (z) 7→ X
±
i (z),
x±i,s(z) 7→ X
±
i,s(z),
φ
(s)
i (z) 7→ Φ
(s)
i (z),
ψ
(s)
i (z) 7→ Ψ
(s)
i (z),
where Φ
(s)
i (z) and Ψ
(s)
i (z) are defined the same way as φ
(s)
i (z) and ψ
(s)
i (z) respectively, i =
1, · · · , n− 1, and j = 0, n,
X±i,s(z) =
1
(q1/2 − q−1/2)z
(X±i+,s(z)−X
±
i−,s(z)),
X+j,s(z) = −
q1/2X+j+,s(z) + q
−1/2X+j−,s(z)− [2]1X
+
j0,s(z)
(q − q−1)(q1/2 − q−1/2)z2
,
X−j,s(z) =: Z
−
j,s(q
1/2z)Z−j,s(q
−1/2z) : Y −j,s(z)e
−sq−s(0).
4. Proof of Theorem 3.2
In this section, we proceed to prove Theorem 3.2 in detail. First of all, let us give some relations
that will be used in the sequel.
LEMMA 4.1. The following relations for Y ±i,s(z) and Z
±
i,s(z) holds,
(4.1) Y ±i,s(z)Y
±
j,s(w) =: Y
±
i,s(z)Y
±
j,s(w) :
×


1, if (αi|αj) = 0
(z − q±1/2w), if (αi|αj) = −
1
2(
(z − q±1w)(z − w)
)−(αi|αj), if (αi|αj) = ±1(
(z − w)(z − qw)(z − q−1w)(z − q±2w)
)−1
, if (αi|αj) = 2.
(4.2) Y ±i,s(z)Y
∓
j,s(w) =: Y
±
i,s(z)Y
∓
j,s(w) :
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×


1, if (αi|αj) = 0,
(z − w)−1, if (αi|αj) = −
1
2 ,(
(z − q−1/2w)(z − q1/2w)
)(αi|αj), if (αi|αj) = ±1,
(z − q−
1
2w)(z − q
1
2w)(z − q−
3
2w)(z − q
3
2w), if (αi|αj) = 2.
(4.3) Zǫi,s(z)Z
ǫ′
j,s(w) =: Z
ǫ
i,s(z)Z
ǫ′
j,s(w) : (z − w)
ǫǫ′δij ,
where (z − w)−1 is the power series in w/z as follows:
(z − w)−1 =
∞∑
k=0
wkz−k−1.
PROOF. Here we only show the relation (4.1) in the case of (αi|αj) = −1/2, other relations
can be verified in a similar manner. According to the definitions of Y ±i,s(z) and the normal order,
we obtain immediately,
Y ±i,s(z)Y
±
j,s(w)
= : Y ±i,s(z)Y
±
j,s(w) : exp
(
−
∞∑
k=1
q±k/2z−kwk
[−(1/2di)k]i[−(1/2dj)k]j
[a
(s)
i (k), a
(s)
j (−k)]
)
z
=: Y ±i,s(z)Y
±
j,s(w) : exp
(
−
∞∑
k=1
(q±1/2w
z
)k 1
k
)
z
=: Y ±i,s(z)Y
±
j,s(w) : (z − q
±1/2w).

LEMMA 4.2. From the notations of X±iǫ,s(z), it holds for i = 1, · · · , n− 1 and j = 0, n,
X±iǫ,s(z)X
±
iǫ′,s(w) =: X
±
iǫ,s(z)X
±
iǫ′,s(w) : (q
ǫ/2z − qǫ
′/2w)(z − q±1w)−1,(4.4)
X+iǫ,s(z)X
−
iǫ′,s(w) =: X
+
iǫ,s(z)X
−
iǫ′,s(w) : (q
ǫ/2z − w)−1(z − q−ǫ
′/2w),(4.5)
X−iǫ,s(z)X
+
iǫ′,s(w) =: X
−
iǫ,s(z)X
+
iǫ′,s(w) : (z − q
−ǫ′/2w)(qǫ/2z − w)−1,(4.6)
X+iǫ,s(z)X
+
(i+1)ǫ′ ,s(w) =: X
+
iǫ,s(z)X
+
(i+1)ǫ′,s(w) : (z − q
ǫ′/2w)−1(z − q1/2w),(4.7)
X−iǫ,s(z)X
+
(i+1)ǫ′ ,s(w) = X
+
(i+1)ǫ′,s(w)X
−
iǫ,s(z)(4.8)
=: X−iǫ,s(z)X
+
(i+1)ǫ′ ,s(w) : (q
ǫ/2z − qǫ
′/2w)(z − w)−1,
X+iǫ,s(z)X
−
(i+1)ǫ′ ,s(w) = X
−
(i+1)ǫ′,s(w)X
+
iǫ,s(z) =: X
+
iǫ,s(z)X
−
(i+1)ǫ′ ,s(w) :,(4.9)
X+(i+1)ǫ,s(z)X
−
iǫ′,s(w) =: X
+
(i+1)ǫ,s(z)X
−
iǫ′,s(w) : (q
ǫ/2z − qǫ
′/2w)(z − w)−1,(4.10)
X+(i+1)ǫ,s(z)X
+
iǫ′,s(w) =: X
+
(i+1)ǫ,s(z)X
+
iǫ′,s(w) : (q
ǫ/2z − w)−1(z − q1/2w),(4.11)
X+jǫ,s(z)X
−
j,s(w) =: X
+
jǫ,s(z)X
−
j,s(w) :
(q−3ǫ/2(z − q3ǫ/2w)
qǫ/2z − w
)|ǫ|
,(4.12)
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X−j,s(w)X
+
jǫ,s(z) =: X
−
j,s(w)X
+
jǫ,s(z) :
w − q−3ǫ/2z
w − qǫ/2z
,(4.13)
X+nǫ,s(z)X
−
(n−1)ǫ′,s(w) = X
−
(n−1)ǫ′,s(w)X
+
nǫ,s(z)(4.14)
=: X+nǫ,s(z)X
−
(n−1)ǫ′,s(w) :
(q1+ǫǫ z − q
ǫ′/2w)(q−1+ǫǫ z − q
ǫ′/2w)
(z − q−1/2w)(z − q1/2w)
,
X+0ǫ,s(z)X
−
1ǫ′,s(w) = X
−
1ǫ′,s(w)X
+
0ǫ,s(z)(4.15)
=: X+0ǫ,s(z)X
−
1ǫ′,s(w) :
1
(z − q−1/2w)(z − q1/2w)
.
X−i,s(z)X
−
j,s(w) =: X
−
i,s(z)X
−
j,s(w) :
z − w
z − q−2w
,(4.16)
X±iǫ,s(z)X
±
iǫ′,s′(w) =: X
±
iǫ,s(z)X
±
iǫ′,s′(w) :, for s 6= s
′(4.17)
X±iǫ,s(z)X
∓
iǫ′,s′(w) =: X
±
iǫ,s(z)X
∓
iǫ′,s′(w) :, for s 6= s
′(4.18)
X+jǫ,s(z)X
+
jǫ′,s′(w) =: X
+
jǫ,s(z)X
+
jǫ′,s′(w) :, for s 6= s
′(4.19)
X−j,s(z)X
−
j,s′(w) =: X
−
j,s(z)X
−
j,s′(w) : q
−2, for s 6= s′(4.20)
PROOF. To check relation (4.4), without loss of generality, we only prove it in the case of ”+”.
Using relations (4.1) and (4.3), one gets directly that,
X+iǫ,s(z)X
+
iǫ′,s(w) = Z
+
i,s(q
ǫ/2z)Z−i+1,s(z)Y
+
i,s(z)Z
+
i,s(q
ǫ′/2w)Z−i+1,s(w)Y
+
i,s(w)
= : X+iǫ,s(z)X
+
iǫ′,s(w) : (q
ǫ/2z − qǫ
′/2w)(z − w)(z − qw)−1(z − w)−1
= : X+iǫ,s(z)X
+
iǫ′,s(w) : (q
ǫ/2z − qǫ
′/2w)(z − qw)−1.
Since relations (4.5) and (4.6) can be verified similarly, we only check relation (4.5). By relation
(4.2), we obtain immediately that
X+iǫ,s(z)X
−
iǫ′,s(w)
= : X+iǫ,s(z)X
−
iǫ′,s(w) : (q
ǫ/2z − w)−1(z − qǫ
′/2w)−1(z − q−1/2w)(z − q1/2w)
= : X+iǫ,s(z)X
−
iǫ′,s(w) : (q
ǫ/2z − w)−1(z − q−ǫ
′/2w).
To check relation (4.7), we have that,
X+iǫ,s(z)X
+
(i+1)ǫ′,s(w) = Z
+
i,s(q
ǫ/2z)Z−i+1,s(z)Y
+
i,s(z)Z
+
i+1,s(q
ǫ′/2w)Z−i+2,s(w)Y
+
i+1,s(w)
= : X+iǫ,s(z)X
+
(i+1)ǫ′,s(w) : (z − q
ǫ′/2w)−1(z − q1/2w).
Similarly one can check relations (4.8)-(4.11).
Below we verify the relation (4.12) directly, and (4.15) can be similarly done,
X+jǫ,s(z)X
−
j,s(w)
= : Z+j,s(q
1+ǫ
ǫ z)Z
+
j,s(q
−1+ǫ
ǫ z)Y
+
j,s(z) :: Z
−
j,s(q
1/2w)Z−j,s(q
−1/2w) : Y −j,s(w)
= : X+jǫ,s(z)X
−
j,s(w) : (q
1+ǫ
ǫ z − q
1/2w)−1(q1+ǫǫ z − q
−1/2w)−1(q−1+ǫǫ z − q
1/2w)−1
×(q−1+ǫǫ z − q
−1/2w)−1(z − q−1/2w)(z − q1/2w)(z − q−3/2w)(z − q3/2w).
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Then we proceed with verification in three subcases: ǫ = ± or 0. Direct calculation yields that,
X+jǫ,s(z)X
−
j,s(w)
= : X+jǫ,s(z)X
−
j,s(w) :
(q−3ǫ/2(z − q3ǫ/2w)
qǫ/2z − w
)|ǫ|
.
For relation (4.13) and (4.14), the proofs are similar, here we only check relation (4.14).
X+0ǫ,s(z)X
−
1ǫ′,s(w)
= : Z+0,s(q
1+ǫ
ǫ z)Z
+
0,s(q
−1+ǫ
ǫ z)Y
+
0,s(z) : Z
−
1,s(w)Z
+
2,s(q
ǫ′/2w)Y −1,s(w)
= : X+0ǫ,s(z)X
−
1ǫ′,s(w) :
1
(z − q−1/2w)(z − q1/2w)
= X−1ǫ′,s(w)X
+
0ǫ,s(z),
which completes the proof of lemma 4.2. 
With the help of the above two lemmas, we can now prove Theorem 3.2. It means that we
need to check ψ satisfy all defining relations (2.1)-(2.10). It is obvious that relations (2.1)-(2.4)
follow from the constructions of the vertex operators. Thus it suffices to show ψ keeps relations
(2.5)-(2.10), or equivalently (2.11)-(2.16), which will be explained in more detail as follows.
To show relation (2.11), we first look at the case i = 1, . . . , n− 1 for example. For s 6= s′
X±i,s(z)X
±
i,s′(w) =
1
(q1/2 − q−1/2)2zw
∑
ǫ,ǫ′
(−1)ǫǫ
′
X±iǫ,s(z)X
±
iǫ′,s′(w)
=
1
(q1/2 − q−1/2)2zw
∑
ǫ,ǫ′
(−1)ǫǫ
′
: X±iǫ,s(z)X
±
iǫ′,s′(w) : .
Therefore, for s 6= s′.
[X±i,s(z),X
±
i,s′(w)] = 0.
Similarly for s 6= s′ and j = 0, n, by Lemma 4.2 we have (in the following ǫ, ǫ′ = ±, 0)
X+js(z)X
+
js′(w) =
∑
ǫ,ǫ′(−1)
1+ǫǫ′ [2− |ǫ|]1[2− |ǫ
′|]1X
+
jǫ,s(z)X
+
jǫ′,s′(w)
(q1/2 − q−1/2)2(q − q−1)2z2w2
=
∑
ǫ,ǫ′(−1)
1+ǫǫ′ [2− |ǫ|]1[2− |ǫ
′|]1 : X
+
jǫ,s(z)X
+
jǫ′,s′(w) :
(q1/2 − q−1/2)2(q − q−1)2z2w2
,
which implies that [X+j,s(z)X
+
j,s′(w)] = 0 for s 6= s
′. The remaining cases are the same.
Now we turn to check relation (2.6), it suffices to verify that for i ∈ I, j = 0, 1, · · · , n − 1,
Ψ
(s)
i (zs)X
±
j (w)Ψ
(s)
i (zs)
−1 = gij
( zs
ws
q∓
1
2
)±1
X±j (w).
Actually, we have that,
Ψ
(s)
i (zs)X
±
j (w)
= q−ai(0) exp
(
−(qi − q
−1
i )
∞∑
k=1
a
(s)
i (−k)z
k
s
)
exp

±N−1∑
s=1
∞∑
ks=1
a
(s)
j (−ks)
[ks/dj ]j
q∓ks/2wkss


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× exp

∓N−1∑
s=1
∞∑
ks=1
a
(s)
j (ks)
[ks/dj ]j
q∓ks/2w−kss

 e±αj N−1∏
s=1
w
±aj (0)+1
s ,
= exp
(
±(qi − q
−1
i )
∞∑
ks=1
[a
(s)
i (−ks), a
(s)
j (ks)]
[ks/dj ]j
(
q∓
1
2 zs
ws
)ks
)
X+j (w)Ψ
(s)
i (zs)
=
(
gij(
zs
ws
q∓
1
2 )
)±1
X±j (w)Ψ
(s)
i (zs).
For relation (2.7), we have the proposition as follows.
PROPOSITION 4.3.
(z − q(αi|αj)w)X±i,s(z)X
±
j,s(w) = (q
(αi|αj)z − w)X±j,s(w)X
±
i,s(z).
PROOF. Here we only check for the case of ”+”. The proof is divided into several cases as
follows.
Case 1. aij = 0, it is trivial.
Case 2. (αi|αi+1) = −
1
2 , thanks to relations (4.7) and (4.11), we have immediately,
(z − q−
1
2w)X+iǫ,s(z)X
+
(i+1)ǫ′,s(w)
=: X+iǫ,s(z)X
+
(i+1)ǫ′,s(w) : (z − q
ǫ′/2w)−1(z − q1/2w)(z − q−
1
2w)
=: X+(i+1)ǫ′,s(w)X
+
iǫ,s(z) : (q
ǫ′/2w − z)−1(w − q1/2z)(q−
1
2 z − w)
= X+(i+1)ǫ′,s(w)X
+
iǫ,s(z)(q
− 1
2 z − w),
which implies the assertion.
Case 3. (αi|αj) = −1, that is (i, j) is (1, 0), (0, 1), (n − 1, n) or(n, n− 1).
(z − q−1w)X+0ǫ,s(z)X
+
1ǫ′,s(w)
= : Z+0,s(q
1+ǫ
ǫ z)Z
+
0,s(q
−1+ǫ
ǫ z)Y
+
0,s(z) : Z
+
1,s(q
ǫ′/2w)Z−2,s(w)Y
+
1,s(w)(z − q
−1w)
= : X+0ǫ,s(z)X
+
1ǫ′,s(w) : (z − qw)(z − w)(z − q
−1w).
On the other hand, it is easy to get that
(q−1z − w)X+1ǫ′,s(w)X
+
0ǫ,s(z)
= Z+1,s(q
ǫ′/2w)Z−2,s(w)Y
+
1,s(w) : Z
+
0,s(q
1+ǫ
ǫ z)Z
+
0,s(q
−1+ǫ
ǫ z)Y
+
0,s(z) : (q
−1z − w)
= X+1ǫ′,s(w)X
+
0ǫ,s(z) : (w − qz)(w − z)(q
−1z −w).
Case 4. (αi|αj) = 2, that is i = j = 0 or n. Using(4.1) and (4.3) , it is clear to see that
(z − q2w)X+jǫ,s(z)X
+
jǫ′,s(w)
= (z − q2w) : Z+j,s(q
1+ǫ
ǫ z)Z
+
j,s(q
−1+ǫ
ǫ z)Y
+
j,s(z) :: Z
+
j,s(q
1+ǫ′
ǫ′ w)Z
+
j,s(q
−1+ǫ′
ǫ′ w)Y
+
j,s(w) :
= : X+jǫ,s(z)X
+
jǫ′,s(w) :
×
∏
k,l=±1
(qk+ǫǫ z − q
l+ǫ′
ǫ′ w)
(z − w)(z − qw)(z − q−1w)(z − q2w)
(z − q2w).
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In fact, similarly we have that
(q2z −w)X+jǫ′,s(w)X
+
jǫ,s(z)
= : Z+j,s(q
1+ǫ′
ǫ′ w)Z
+
j,s(q
−1+ǫ′
ǫ′ w)Y
+
j,s(w) :: Z
+
j,s(q
1+ǫ
ǫ z)Z
+
j,s(q
−1+ǫ
ǫ z)Y
+
j,s(z) : (q
2z −w)
= : X+jǫ′,s(w)X
+
jǫ,s(z) :
×
∏
k,l=±1
(qk+ǫǫ z − q
l+ǫ′
ǫ′ w)
(w − z)(w − qz)(w − q−1z)(w − q2z)
(q2z − w),
which implies relation (2.7).
Case 5. (αi|αi) = 1, that is, i = 1, · · · , n− 1. By relation (4.4), one has that
(z − qw)X+iǫ,s(z)X
+
iǫ′,s(w)
= : X+iǫ,s(z)X
+
iǫ′,s(w) : (q
ǫ/2z − qǫ
′/2w)(z − qw)−1(z − qw)
= : X+iǫ′,s(w)X
+
iǫ,s(z) : (q
ǫ′/2w − qǫ/2z)(w − qz)−1(qz − w)
= (qz − w)X+iǫ′,s(w)X
+
iǫ,s(z).
Hence we have proved proposition 4.4. 
To check relation (2.8), we prove the following result.
PROPOSITION 4.4. One has that
[X+i,s(z),X
−
j,s(w) ] =
δij
(q − q−1)zw
(
δ(zw−1q
1
2 )Φ
(s)
i (wq
− 1
4 )− δ(zw−1q−
1
2 )Ψ
(s)
i (zq
− 1
4 )
)
PROOF. We divided the proof into several cases. For the case of (αi|αj) = −1 such as (i, j) =
(1, 0), it follows from relations (4.9) and (4.15),
(q−1 − q)(q1/2 − q−1/2)2z2w[X+0,s(z),X
−
1,s(w)]
=
(
q1/2X+0+,s(z) + q
−1/2X+0−,s(z)− (q
1/2 + q−1/2)X+00,s(z)
)(
X−1+,s(w)−X
−
1−,s(w)
)
−
(
X−1+,s(w)−X
−
1−,s(w)
)(
q1/2X+0+,s(z) + q
−1/2X+0−,s(z)− (q
1/2 + q−1/2)X+00,s(z)
)
= 0.
For the case of j = 0, n such that aij = 0, we have that
X+jǫ,s(z)X
−
iǫ′,s(w) =: Z
+
j,s(q
1+ǫ
ǫ z)Z
+
j,s(q
−1+ǫ
ǫ z)Y
+
j,s(z) : Z
−
i,s(w)Z
+
i+1,s(q
ǫ′/2w)Y −i,s(w)
= Z−i,s(w)Z
+
i+1,s(q
ǫ′/2w)Y −i,s(w) : Z
+
j,s(q
1+ǫ
ǫ z)Z
+
j,s(q
−1+ǫ
ǫ z)Y
+
j,s(z) :
= X−iǫ′,s(w)X
+
jǫ,s(z)
Similarly, it holds that
X+iǫ,s(z)X
−
j,s(w) = Z
+
i,s(q
ǫ
2 z)Z−i+1,s(z)Y
+
i,s(z) : Z
−
j,s(q
1
2w)Z−j,s(q
− 1
2w) : Y −j,s(w)
=: Z−j,s(q
1/2w)Z−j,s(q
−1/2w) : Y −j,s(w)Z
+
i,s(q
ǫ/2z)Z−i+1,s(z)Y
+
i,s(z)
= X−j,s(w)X
+
iǫ,s(z).
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For the case of (αi|αi) = 1, that is, i = 1, ..., n − 1. It follows from (4.5)-(4.6) that
[X+i,s(z),X
−
i,s(w)]
=
1
(q
1
2 − q−
1
2 )2zw
(
: X+i+,s(z)X
−
i−,s(w) :
z − q
1
2w
w
δ(
q−
1
2w
z
)
+ : X−i+,s(w)X
+
i−,s(z) :
z − q−
1
2w
w
δ(
w
q−
1
2 z
)
)
=
1
(q
1
2 − q−
1
2 )zw
: X+i+,s(z)X
−
i−,s(w) : δ(
q−
1
2w
z
)
+
1
(q−
1
2 − q
1
2 )zw
: X−i+,s(w)X
+
i−,s(z) : δ(
w
q−
1
2 z
)
=
1
(q
1
2 − q−
1
2 )zw
: X+i+,s(q
− 1
2w)X−i−,s(w) : δ(
q−
1
2w
z
)
+
1
(q−
1
2 − q
1
2 )zw
: X−i+,s(w)X
+
i−,s(q
1
2w) : δ(
w
q−
1
2 z
),
where we have used the property of the δ-function:
f(z1, z2)δ(
z1
z2
) = f(z1, z1)δ(
z1
z2
) = f(z2, z2)δ(
z1
z2
).
Actually, we get by direct calculation
: X+i+,s(q
− 1
2w)X−i−,s(w) :
=: Z+j,s(q
1/2w)Z+j,s(q
−1/2w)Y +j,s(q
−1/2w)Z−j,s(q
1/2w)Z−j,s(q
−1/2w) : Y −j,s(w) :
= Φ
(s)
j (q
−1/4w).
In a similar manner, it is easy to see that
: X−i+,s(w)X
+
i−,s(q
1
2w) :
= Z−i,s(w)Z
+
i+1,s(q
1/2w)Y −i,s(w)Z
+
i,s(w)Z
−
i+1,s(q
1
2w)Y +i,s(q
1
2w)
= Ψ
(s)
i (wq
1/4).
Inserting the above expressions into the left hand side of proposition 4.5, we get that
[X+i,s(z),X
−
i,s(w)]
=
1
(q1/2 − q−1/2)zw
×
(
Φ
(s)
i (wq
−1/4)δ(
q−1/2w
z
)−Ψ
(s)
i (wq
1/4)δ(
w
q−1/2z
)
)
.
Lastly, we need consider the case of (αj |αj) = 2 for j = 0, n. In this case we use relations
(4.12) and (4.13), for ǫ = 0 , we get X+j0,s(z)X
−
j,s(w) =: X
+
j0,s(z)X
−
j,s(w) := X
−
j,s(w)X
+
j0,s(z), so
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we have that
[X+j,s(z),X
−
j,s(w)]
=
−1
(q − q−1)2z2
∑
ǫ=±1
qǫ/2 : X+jǫ,s(z)X
−
j,s(w) :
q−3ǫ/2z − w
w
( 1
qǫ/2z/w − 1
−
1
1− qǫ/2z/w
)
=
−1
(q − q−1)2z2
∑
ǫ=±1
: X+jǫ,s(z)X
−
j,s(w) : (q
−3ǫ/2 − qǫ/2)δ(
qǫ/2z
w
)
=
1
(q − q−1)zw
(
Φ
(s)
j (wq
−1/4)δ(
q1/2z
w
)−Ψ
(s)
j (wq
1/4)δ(
zq−1/2
w
)
)
,
where we have used
q1/2 − q−3/2
(q − q−1)2z2
: X+jǫ,s(z)X
−
j,s(w) :
=
q−1/2
(q − q−1)z2
: X+jǫ,s(q
−1/2w)X−j,s(w) :
=
q−1/2
(q − q−1)z2
: Z+j,s(q
1/2w)Z+j,s(q
−1/2w)Y +j,s(q
−1/2w)Z−j,s(q
1/2w)Z−j,s(q
−1/2w) : Y −j,s(w) :
=
1
(q − q−1)zw
exp
( ∞∑
k=1
a
(s)
j (k)(q − q
−1)(q−1/4w)−k
)
qaj(0)
=
1
(q − q−1)zw
Φ
(s)
j (q
−1/4w),
and
−1
(q − q−1)zw
: X+j−,s(q
1/2w)X−j,s(w) :
=
−1
(q − q−1)zw
: Z+j,s(q
1/2w)Z+j,s(q
−1/2w)Y +j,s(q
1/2w) :: Z−j,s(q
1/2w)Z−j,s(q
−1/2w) : Y −j,s(w)
=
−1
(q − q−1)zw
exp
( ∞∑
k=1
a
(s)
j (−k)(−1)(q − q
−1)(q1/4w)k
)
q−aj(0)
=
−1
(q − q−1)zw
Ψ
(s)
j (q
1/4w).

For the Serre relation (2.9), we have the following proposition.
PROPOSITION 4.5. For i 6= j
Symz1,···zn
n=1−aij∑
k=0
(−1)k
[n
k
]
i
X±i,s(z1) · · ·X
±
i,s(zk)X
±
j,s(w)X
±
i,s(zk+1) · · ·X
±
i,s(zn) = 0.
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PROOF. First let us see the case when aij = −1 for i = 1, ...n − 2. Here we only check it for
”+”, it is similar for the case ”-”. We list the relations that will be used,
X+iǫ1,s(z1)X
+
iǫ2,s
(z2)X
+
(i+1)ǫ,s(w)
=: X+iǫ1,s(z1)X
+
iǫ2,s
(z2)X
+
(i+1)ǫ,s(w) :
(qǫ1/2z1 − q
ǫ2/2z2)(z1 − q
1/2w)(z2 − q
1/2w)
(z1 − qz2)(z1 − qǫ/2w)(z2 − qǫ/2w)
,
X+iǫ1,s(z1)X
+
(i+1)ǫ,s(w)X
+
iǫ2,s
(z2)
=: X+iǫ1,s(z1)X
+
(i+1)ǫ,s(w)X
+
iǫ2,s
(z2) :
(z1 − q
1/2w)(qǫ1/2z1 − q
ǫ2/2z2)(q
1/2z2 − w)
(z1 − qz2)(z1 − qǫ/2w)(z2 − qǫ/2w)
,
X+(i+1)ǫ,s(w)X
+
iǫ1,s
(z1)X
+
iǫ2,s
(z2)
=: X+(i+1)ǫ,s(w)X
+
iǫ1,s
(z1)X
+
iǫ2,s
(z2) :
(w − q1/2z1)(w − q
1/2z2)(q
ǫ1/2z1 − q
ǫ2/2z2)
(z1 − qz2)(z1 − qǫ/2w)(z2 − qǫ/2w)
.
Thus we get that
X+iǫ1,s(z1)X
+
iǫ2,s
(z2)X
+
(i+1)ǫ,s
(w) − (q
1
2 + q−
1
2 )X+iǫ1,s(z1)X
+
(i+1)ǫ,s
(w)X+iǫ2,s(z2)
+X+(i+1)ǫ,s(w)X
+
iǫ1,s
(z1)X
+
iǫ2,s
(z2)
=: X+iǫ1,s(z1)X
+
iǫ2,s
(z2)X
+
(i+1)ǫ,s(w) :
qǫ1/2z1 − q
ǫ2/2z2
(z1 − qz2)(z1 − qǫ/2w)(z2 − qǫ/2w)
×
(
(z1 − q
1/2w)(z2 − q
1/2w) + (q1/2 + q−1/2)(z1 − q
1/2w)(w − q1/2z2)
+ (w − q1/2z1)(w − q
1/2z2)
)
=: X+iǫ1,s(z1)X
+
iǫ2,s
(z2)X
+
(i+1)ǫ,s(w) :
(qǫ1/2z1 − q
ǫ2/2z2)(q
−1/2 − q1/2)w
(z1 − qǫ/2w)(z2 − qǫ/2w)
.
We can see that the last part is antisymmetric under (z1, ǫ1) 7→ (z2, ǫ2), which implies the Serre
relation X+i,s(z1)X
+
i,s(z2)X
+
i+1,s(w) + ... + (z1 ↔ z2) = 0. For the same reason, it is easy to see
that
X+i,s(z1)X
+
i,s(z2)X
+
i−1,s(w) − (q
1/2 + q−1/2)X+i,s(z1)X
+
i−1,s(w)X
+
i,s(z2) + · · · = 0.
In the case of aij = −1 for i = 0, j = 1 or i = n, j = n − 1. We only show the proof in −
cases. First, for i = 0, j = 1, in this situation we have the following relations,
X−0,s(z1)X
−
0,s(z2)X
−
1ǫ,s(w) =: X
−
0,s(z1)X
−
0,s(z2)X
−
1ǫ,s(w) :
×
(z1 − z2)(z1 − q
−1w)(z2 − q
−1w)(z1 − w)(z2 − w)
(z1 − q−2z2)
,
X−0,s(z1)X
−
1ǫ,s(w)X
−
0,s(z2) =: X
−
0,s(z1)X
−
1ǫ,s(w)X
−
0,s(z2) :
×
(z1 − z2)(z1 − q
−1w)(z1 − w)(q
−1z2 − w)(z2 − w)
(z1 − q−2z2)
,
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X−1ǫ,s(w)X
−
0,s(z1)X
−
0,s(z2) =: X
−
1ǫ,s(w)X
−
0,s(z1)X
−
0,s(z2) :
×
(z1 − z2)(q
−1z1 − w)(z1 − w)(q
−1z2 − w)(z2 − w)
(z1 − q−2z2)
.
Using the above expressions, we get that,
X−0,s(z1)X
−
0,s(z2)X
−
1ǫ,s(w) − (q + q
−1)X−0,s(z1)X
−
1ǫ,s(w)X
−
0,s(z2) +X
−
1ǫ,s(w)X
−
0,s(z1)X
−
0,s(z2)
=: X−0,s(z1)X
−
0,s(z2)X
−
1ǫ,s(w) :
z1 − z2
z1 − q−2z2
(
(z1 − q
−1w)(z2 − q
−1w)(z1 − w)(z2 − w)
− (q + q−1)(z1 − q
−1w)(z1 − w)(q
−1z2 − w)(z2 − w)
+ (q−1z1 − w)(z1 − w)(q
−1z2 − w)(z2 − w)
)
=: X−0,s(z1)X
−
0,s(z2)X
−
1ǫ,s(w) : (q + q
−1)w(z1 − z2)(z1 − w)(z2 − w).
Obviously the antisymmetry with regard to (z1 ↔ z2) implies the case.
Second, for i = n, j = n− 1, similarly we have the following relations,
X−n,s(z1)X
−
n,s(z2)X
−
(n−1)ǫ,s(w) =: X
−
n,s(z1)X
−
n,s(z2)X
−
(n−1)ǫ,s(w) :
×
(z1 − z2)(z1 − q
−1w)(z2 − q
−1w)
(z1 − q−2z2)(z1 − qǫw)(z2 − qǫw)
,
X−n,s(z1)X
−
(n−1)ǫ,s(w)X
−
n,s(z2) =: X
−
n,s(z1)X
−
(n−1)ǫ,s(w)X
−
n,s(z2) :
×
z1 − z2
q(z1 − q−2z2)
(z1 − q−1w
z1 − qw
) 1+ǫ
2
( z2 − qw
z2 − q−1w
) 1−ǫ
2
,
X−(n−1)ǫ,s(w)X
−
n,s(z1)X
−
n,s(z2) =: X
−
(n−1)ǫ,s(w)X
−
n,s(z1)X
−
n,s(z2) :
×
z1 − z2
qǫ2(z1 − q−2z2)
((w − q−1z1)(w − q−1z2)
(w − qz1)(w − qz2)
) 1−ǫ
2
.
It is easy to get that
X−n,s(z1)X
−
n,s(z2)X
−
(n−1)+,s(w)− (q + q
−1)X−n,s(z1)X
−
(n−1)+,s(w)X
−
n,s(z2)
+X−(n−1)+,s(w)X
−
n,s(z1)X
−
n,s(z2)
=: X−n,s(z1)X
−
n,s(z2)X
−
(n−1)+,s(w) :
z1 − z2
z1 − q−2z2
×
((z1 − q−1w)(z2 − q−1w)
(z1 − qw)(z2 − qw)
− (1 + q−2)
z1 − q
−1w
z1 − qw
+ q−2
)
=: X−n,s(z1)X
−
n,s(z2)X
−
(n−1)+,s(w) :
z1 − z2
(z1 − qw)(z2 − qw)
.
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X−n,s(z1)X
−
n,s(z2)X
−
(n−1)−,s(w)− (q + q
−1)X−n,s(z1)X
−
(n−1)−,s(w)X
−
n,s(z2)
+X−(n−1)−,s(w)X
−
n,s(z1)X
−
n,s(z2)
=: X−n,s(z1)X
−
n,s(z2)X
−
(n−1)−,s(w) :
z1 − z2
z1 − q−2z2
×
(
1− (1 + q−2)
z2 − qw
z2 − q−1w
+ q2
(w − q−1z1)(w − q
−1z2)
(w − qz1)(w − qz2)
)
=: X−n,s(z1)X
−
n,s(z2)X
−
(n−1)−,s
(w) :
(z1 − z2)w(q − q
−1)
(z1 − q−1w)(z2 − q−1w)
.
So we get the conclusion through the antisymmetry of the above two expressions.
In the case of aij = −2 for i = 1, j = 0 and i = n− 1, j = n , here we only give the proof for
i = n− 1, j = n. First we have that,
X+(n−1)ǫ1,s(z1)X
+
(n−1)ǫ2,s
(z2)X
+
(n−1)ǫ3,s
(z3)X
+
nǫ,s(w)
=: X+(n−1)ǫ1,s(z1)X
+
(n−1)ǫ2,s
(z2)X
+
(n−1)ǫ3,s
(z3)X
+
nǫ,s(w) :
×
∏
1≤k<t≤3
qǫk/2zk − q
ǫt/2zt
zk − qzt
3∏
k=1
(zk − qw)(zk − w)
(zk − q
1+ǫ
ǫ w)(zk − q
−1+ǫ
ǫ w)
X+(n−1)ǫ1,s(z1)X
+
(n−1)ǫ2,s
(z2)X
+
nǫ,s(w)X
+
(n−1)ǫ3,s
(z3)
=: X+(n−1)ǫ1,s(z1)X
+
(n−1)ǫ2,s
(z2)X
+
nǫ,s(w)X
+
(n−1)ǫ3 ,s
(z3) :
×
∏
1≤k<t≤3
qǫk/2zk − q
ǫt/2zt
zk − qzt
3∏
k=1
(zk − w)
(zk − q
1+ǫ
ǫ w)(zk − q
−1+ǫ
ǫ w)
(z1 − qw)(z2 − qw)(qz3 −w)
X+(n−1)ǫ1,s(z1)X
+
nǫ,s(w)X
+
(n−1)ǫ2,s
(z2)X
+
(n−1)ǫ3,s
(z3)
=: X+(n−1)ǫ1,s(z1)X
+
nǫ,s(w)X
+
(n−1)ǫ2 ,s
(z2)X
+
(n−1)ǫ3,s
(z3) :
×
∏
1≤k<t≤3
qǫk/2zk − q
ǫt/2zt
zk − qzt
3∏
k=1
(zk − w)
(zk − q
1+ǫ
ǫ w)(zk − q
−1+ǫ
ǫ w)
(z1 − qw)(w − qz2)(w − qz3)
X+nǫ,s(w)X
+
(n−1)ǫ1,s
(z1)X
+
(n−1)ǫ2,s
(z2)X
+
(n−1)ǫ3,s
(z3)
=: X+nǫ,s(w)X
+
(n−1)ǫ1 ,s
(z1)X
+
(n−1)ǫ2,s
(z2)X
+
(n−1)ǫ3,s
(z3) :
×
∏
1≤k<t≤3
qǫk/2zk − q
ǫt/2zt
zk − qzt
3∏
k=1
(zk − w)(qzk − w)
(zk − q
1+ǫ
ǫ w)(zk − q
−1+ǫ
ǫ w)
.
Thus one gets that,
X+(n−1)ǫ1,s(z1)X
+
(n−1)ǫ2,s
(z2)X
+
(n−1)ǫ3,s
(z3)X
+
nǫ,s(w)
−[3]q1/2X
+
(n−1)ǫ1,s
(z1)X
+
(n−1)ǫ2,s
(z2)X
+
nǫ,s(w)X
+
(n−1)ǫ3,s
(z3)
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+[3]q1/2X
+
(n−1)ǫ1,s
(z1)X
+
(n−1)ǫ2,s
(z2)X
+
nǫ,s(w)X
+
(n−1)ǫ3,s
(z3)
−X+nǫ,s(w)X
+
(n−1)ǫ1 ,s
(z1)X
+
(n−1)ǫ2,s
(z2)X
+
(n−1)ǫ3,s
(z3)
=: X+(n−1)ǫ1,s(z1)X
+
(n−1)ǫ2,s
(z2)X
+
(n−1)ǫ3,s
(z3)X
+
nǫ,s(w) :
×
∏
1≤k<t≤3
qǫk/2zk − q
ǫt/2zt
zk − qzt
3∏
k=1
(zk − w)
(zk − q
1+ǫ
ǫ w)(zk − q
−1+ǫ
ǫ w)
×
(
(z1 − qw)(z2 − qw)(z3 − qw) + (q + 1 + q
−1)(z1 − qw)(z2 − qw)(w − qz3)
+(q + 1 + q−1)(z1 − qw)(w − qz2)(w − qz3) + (w − qz1)(w − qz2)(w − qz3)
)
=: X+(n−1)ǫ1,s(z1)X
+
(n−1)ǫ2,s
(z2)X
+
(n−1)ǫ3,s
(z3)X
+
nǫ,s(w) :
×
∏
1≤k<t≤3
qǫk/2zk − q
ǫt/2zt
zk − qzt
3∏
k=1
(zk − w)
(zk − q
1+ǫ
ǫ w)(zk − q
−1+ǫ
ǫ w)
×(q−1 − q)
(
w2(z1 − (q
2 + q)z2 + q
3z3) + w(z1z2 − (q
2 + q)z1z3 + q
3z2z3)
)
(∗)
Now we rewrite the equation (∗) into this to separate the symmetric part,
X+(n−1)ǫ1,s(z1)X
+
(n−1)ǫ2,s
(z2)X
+
(n−1)ǫ3,s
(z3)X
+
nǫ,s(w)
−[3]q1/2X
+
(n−1)ǫ1,s
(z1)X
+
(n−1)ǫ2,s
(z2)X
+
nǫ,s(w)X
+
(n−1)ǫ3 ,s
(z3)
+[3]q1/2X
+
(n−1)ǫ1,s
(z1)X
+
nǫ,s(w)X
+
(n−1)ǫ2 ,s
(z2)X
+
(n−1)ǫ3,s
(z3)
−X+nǫ,s(w)X
+
(n−1)ǫ1 ,s
(z1)X
+
(n−1)ǫ2,s
(z2)X
+
(n−1)ǫ3,s
(z3)
=: X+(n−1)ǫ1,s(z1)X
+
(n−1)ǫ2,s
(z2)X
+
(n−1)ǫ3,s
(z3)X
+
nǫ,s(w) :
×
∏
1≤k<t≤3
(qǫk/2zk − q
ǫt/2zt)
(zk − qzt)(qzk − zt)
3∏
k=1
(zk − w)
(zk − q
1+ǫ
ǫ w)(zk − q
−1+ǫ
ǫ w)
×(q−1 − q)
(
w2(z1 − (q
2 + q)z2 + q
3z3) + w(z1z2 − (q
2 + q)z1z3 + q
3z2z3)
)
×
∏
1≤k<t≤3
(qzk − zt).
We can see that the proposition holds as long as the following equation is correct in this case,
∑
σ∈S3
sgn(σ)σ.
(
(x1 − (q
2 + q)x2 + q
3x3)
∏
1≤k<t≤3
(qzk − zt)
)
= (q2 − 1)2(1 + q + q2)(x3z1z2(z1 − z2) + z3(x1z2(z2 − z3) + x2z1(z3 − z1)))
from which we immediately get that,
∑
σ∈S3
sgn(σ)σ.
(
(z1 − (q
2 + q)z2 + q
3z3)
∏
1≤k<t≤3
(qzk − zt)
)
= 0,
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where σ ∈ S3 acts on zis in the natural way, σ.zis = zσ(i)s. At the same time, it follows that,∑
σ∈S3
sgn(σ)σ.
(
(z1z2 − (q
2 + q)z1z3 + q
3z2z3)
∏
1≤k<t≤3
(qzk − zt)
)
= 0.

Finally, we are left to verify relation (2.10), which is special for the quantum N -toroidal case.
Without loss of generality, we take i = 0 and − for example, others cases can be checked similarly.
It is easy to see that for ǫ = ±, 0 and s 6= s′, j = 0, n
X−j,s(z)X
+
jǫ,s′(w) =: X
−
j,s(z)X
+
jǫ,s′(w) : z
−12q,
X+jǫ,s′(w)X
−
js(z) =: X
−
js(z)X
+
jǫ,s′(w) : w
−12q−6ǫ.
Subsequently by Lemma 4.1 it follows that
X−j,s(z1)X
−
j,s(z2)X
−
j,s(z3)X
+
j,s′(w)
= −q3
(q1/2 : X+ : +q
−1/2 : X− : −[2]q1/2 : X0 :)
(q − q−1)(q1/2 − q−1/2)w2(z1z2z3)12
∏
1≤i<k≤3
zi − zk
zi − q−2zk
,
X−j,s(z1)X
−
j,s(z2)X
+
j,s′(w)X
−
j,s(z3)
= −q2
(q1/2−6 : X+ : +q
−1/2+6 : X− : −[2]q1/2 : X0 :)
(q − q−1)(q1/2 − q−1/2)w2(z1z2w)12
∏
1≤i<k≤3
zi − zk
zi − q−2zk
,
X−j,s(z1)X
+
j,s′(w)X
−
j,s(z2)X
−
j,s(z3)
= −q
(q1/2−12 : X+ : +q
−1/2+12 : X− : −[2]q1/2 : X0 :)
(q − q−1)(q1/2 − q−1/2)w2(z1w2)12
∏
1≤i<k≤3
zi − zk
zi − q−2zk
,
X+j,s′(w)X
−
j,s(z1)X
−
j,s(z2)X
−
j,s(z3)
= −
(q1/2−18 : X+ : +q
−1/2+18 : X− : −[2]q1/2 : X0 :)
(q − q−1)(q1/2 − q−1/2)w2w36
∏
1≤i<k≤3
zi − zk
zi − q−2zk
,
where : Xǫ :=: X
+
jǫ,s′(w)X
−
j,s(z1)X
−
j,s(z2)X
−
j,s(z3) :.
Up to a general factor (∗), we see that
3∑
k=0
(−1)k
[3
k
]
0
X−j,s(z1) · · ·X
−
j,s(zk)X
+
j,s′(w)X
−
0,s(zk+1) · · ·X
−
0,s(z3)
= (∗)
(
q
1
2 : X+ :
(
(z1z2z3)
−12 − [3]0q
−6(z1z2w)
−12 + [3]0q
−12(z1w
2)−12 + q−18w−36
)
+q−
1
2 : X− :
(
(z1z2z3)
−12 − [3]0q
6(z1z2w)
−12 + [3]0q
12(z1w
2)−12 + q18w−36
)
−[2]q1/2 : X0 :
(
(z1z2z3)
−12 − [3]0(z1z2w)
−12 + [3]0(z1w
2)−12 + w−36
))
,
where ∗ = 1
(q−q−1)(q1/2−q−1/2)w2
∏
1≤i<k≤3
zi−zk
zi−q−2zk
.
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Successively taking limit with respect to z1 → w, z2 → w, z3 → w imply that
lim
zi→w
3∑
k=0
(−1)k
[3
k
]
0
X−0,s(z1) · · ·X
−
0,s(zk)X
+
0,s′(w)X
−
0,s(zk+1) · · ·X
−
0,s(z3) = 0.
Thus we have completed the proof of Theorem 3.1.
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